Abstract. We generalize the notion of a bornology by omitting the condition that a one-point-subset is bounded and obtain a complete and co-complete generalization of the category of bornological coarse spaces. Then we imitate the construction of motivic coarse spectra in this new setting and show that the inclusion functor from the category of bornological coarse spaces to its generalization induces an equivalence of motivic coarse spectra. In particular, for any stable co-complete ∞-category C, it induces an equivalence between the category of C-valued coarse homology theories on bornological coarse spaces and the category of C-valued coarse homology theories on generalized bornological coarse spaces.
Introduction
In [BE16] the authors introduce the category BornCoarse of bornological coarse spaces together with proper and controlled morphisms. Based on this, they define the notion of coarse homology theories and construct the universal coarse homology theory BornCoarse → SpX , where the target is the stable ∞-category of motivic coarse spectra SpX . This situation is generalized in [BEKW] to ΓBornCoarse, the category of Γ-equivariant bornological coarse spaces and accordingly equivariant coarse homology theories, equivariant coarse motivic spectra ΓSpX and the universal equivariant coarse homology theory ΓBornCoarse → ΓSpX .
The basic categories BornCoarse and ΓBornCoarse both lack some nice categorical properties, for example they do not have a final object and there are various diagrams that do not admit a pushout. Both is shown in section 3 of this paper.
The structural reason for the non-existence in both situations is the fact that every single point is bounded by definitions; and -in fact -if we dropped that requirement, there exists a final object and the pushout in Example 3.2.
This motivates the following questions:
(1) If we drop the condition that every point is bounded, do we get a reasonable notion of generalized bornological coarse spaces? (2) Is this new category complete and co-complete? (3) What are the relations between the new category and the (classical) category BornCoarse? (4) How does the theory of motivic coarse spaces and spectra over the new category fit into the old framework?
This paper is organized as follows: In order to provide the reader with a mostly selfcontained paper, we recollect the basic framework of BornCoarse in section 2. We then briefly illustrate the non-completeness and non-co-completeness of BornCoarse in section 3. After that, we construct the new categories B ornCoarse and ΓB ornCoarse. Basically we simply drop the condition "every one-point-set is bounded" from the axioms of a bornology. Further we elaborate basic notions in that new framework. In section 5 we prove the completeness and co-completeness of these new categories and then we briefly study the connections of ΓBornCoarse and ΓB ornCoarse in section 6. We will see, that although the inclusion functor U : ΓBornCoarse → ΓB ornCoarse is neither left nor right adjoint, it does preserve all limits and colimits. Further we elaborate a criterion for which (co-)limits exist in ΓBornCoarse. Finally in section 7 we define generalized motivic coarse spaces and generalized motivic coarse spectra ΓS pX and we prove that the fully faithful inclusion functor U induces an equivalence of the ∞-categories ΓSpX and ΓS pX . In particular, for any co-complete stable ∞-category C it induces an equivalence of C-valued coarse homology theories on ΓBornCoarse and those on ΓB ornCoarse.
The category BornCoarse
In order to provide the reader with a mostly self-contained paper, in this section we recall the category BornCoarse of bornological coarse spaces introduced by [BE16] .
For a set X we denote by P(X) the powerset of X. Further consider two subsets U and V of X × X and a subset B of X, then we define U −1 := (x, y) ∈ X × X (y, x) ∈ U (Inverses) U • V := (x, y) ∈ X × X ∃z ∈ X : (x, z) ∈ U, (z, y) ∈ V (Compositions)
U [B] := x ∈ X ∃b ∈ B : (x, b) ∈ U (Thickenings)
Let B X be a subset of P(X).
Definition 2.1. The set B X is called a bornology on X, if it contains all finite subsets of X and is closed under taking subsets and finite unions. We refer to the elements in B X as bounded subsets of X.
Consider a subset C X of P(X × X).
Definition 2.2. The set C X is a coarse structure on X, if it contains the diagonal ∆ X of X and is closed under taking subsets, finite unions, inverses and compositions. We refer to elements of C X as (coarse) entourages of X or as controlled sets.
Assume that B X is a bornology on X and that C X is a coarse structure on X.
Definition 2.3. We say that B X and C X are compatible, if for all bounded subsets B of X and all entourages U in C X the U -thickening U [B] is again a bounded subset of X.
Let Y be another set together with a bornology B Y and a coarse structure C Y . Consider a map f : X → Y .
Definition 2.4. The map f is called proper, if for all bounded subsets B of Y the preimage f −1 (B) is a bounded subset of X. Moreover f is controlled, if for all entourages U in C X we have (f × f )(U ) ∈ C Y . Definition 2.5. A bornological coarse space is a set X together with a bornology B X on X and a coarse structure C X on X that is compatible with B X . A morphism between two bornological coarse spaces X and Y is a map f : X → Y , which is proper and controlled. The category of bornological coarse spaces is denoted by BornCoarse.
For subsets S of P(X) and T of P(X × X) we denote by B S the smallest bornology on X, which contains the elements of S and by C T the smallest coarse structure on X containing all elements of T . They are called the bornology resp. the coarse structure generated by S resp. T . Example 2.6.
(1) The bornology B min := B ∅ generated by the empty set is called the minimal bornology. It consists of all finite subsets of X.
(2) The coarse structure C min := C ∅ generated by the empty set is called the minimal coarse structure. It contains precisely the subsets of the diagonal ∆ X . (3) The powerset P(X) is a bornology on X, it is called the maximal bornology B max .
Likewise P(X × X) is a coarse structure on X, the maximal coarse structure C max .
Remark 2.7. The maximal bornology is compatible with all coarse structures, in particular with the maximal one. In fact it is the only bornology compatible with C max . The minimal coarse structure is compatible with all bornologies, in particular with the minimal bornology.
Motivated by the remark above we denote by X min,min the bornological coarse space X equipped with the minimal bornology and coarse structure. Further by X min,max we denote the space X equipped with the minimal coarse and the maximal bornological structure. Finally, if we equip X with the maximal bornological and coarse structure, we denote the space by X max,max .
Lemma 2.8. The above constructions extend to fully faithful functors (−) min,min , (−) min,max , (−) max,max : Set −→ BornCoarse.
Moreover we have an adjunction
(−) min,max : Set −→ ←− BornCoarse : U where U denotes the forgetful functor.
Proof. Clear from the definitions.
Bornologies and coarse structures are often defined by declaring a generating set. In order to check that the generated bornological and coarse structures are compatible, it is enough to verify the compatibility condition for the generators. The following lemma makes this precise:
Lemma 2.9. Assume that for all U in T we have U −1 ∈ T and that for all B in S and all U in T the U -thickening U [B] is contained in a finite union of sets in S, then the structures B S and C T are compatible.
Proof. Easy calculations.
Similar statements can be formulated for verifying, whether a given map is proper or controlled. In more detail: Assume f : X → Y is a map of sets both equipped with a bornological coarse structure.
Lemma 2.10.
(1) If there is a subset S of P(Y ) such that B Y = B S and if for every B in S we have f −1 (B) ∈ B X , then f is proper. (2) If a subset T of P(X × X) generates the coarse structure C X on X, then f is controlled iff for all U in T we have
Proof. Elementary calculations.
Consider a map of sets f : Y → X, where X is equipped with a bornological coarse structure. Then we define the pullbacks of these structures as
Lemma 2.11. The structures f * C X and f * B X are compatible and define a bornological coarse structure on Y . Furthermore the map f becomes a morphism Y → X of bornological coarse spaces.
Proof. Compatibility can be checked on generators by Lemma 2.9 (note that the set of generators of f * C X is closed under taking inverses). It is immediate, that
and thus the compatibility. That f defines a morphism in BornCoarse follows immediately from the definitions and Lemma 2.10.
Let Γ be a group.
Definition 2.12. A bornological coarse space X is said to be Γ-equivariant or shortly a Γ-bornological coarse space, if Γ acts on X by automorphisms such that the set C Γ X of Γ-invariant entourages is cofinal in C X . The subcategory of BornCoarse consisting of Γ-equivariant spaces together with Γ-equivariant morphisms is denoted by ΓBornCoarse.
Remark 2.13. The set C Γ X of Γ-invariant entourages is cofinal iff every entourage U in C X is contained in a Γ-invariant one. If T is a collection of Γ-invariant subsets of X × X, then X equipped with C T and a compatible bornological structure is a Γ-equivariant bornological coarse space.
At this point we elaborate an instructive example:
Example 2.14. Let (X, d) be a metric space. We define the bornological coarse structure induced by the metric:
where U r := (x, y) ∈ X d(x, y) < r . Let further Γ be a group acting isometrically on X. The coarse and the bornological structures are compatible because U r [B s (x)] ⊆ B r+s (x) and the generators of C d are obviously Γ-invariant, hence X together with C d and B d form a Γ-equivariant bornological coarse space.
Consider two Γ-equivariant bornological coarse spaces X and Y . We define their tensor product X ⊗ Y as follows: The underlying set of X ⊗ Y is the cartesian product X × Y . It is equipped with the bornological coarse structure
Lemma 2.15. The tensor product extends to a bi-functor
which is part of a symmetric monoidal structure on ΓBornCoarse with tensor unit the one-point-space * equipped with C max and B max . 
Incompleteness of BornCoarse
As mentioned in the introduction the category of bornological coarse spaces is neither complete nor co-complete. In this section we show that BornCoarse is lacking a final object and give an instructive concrete example for non-existing pushouts. Both defects arise from the fact, that a subset containing just one element is bounded by definition of a bornology. This assumption will be the only one we drop in order to define generalized bornological coarse spaces in section 4, giving a bi-complete category.
Lemma 3.1. The category BornCoarse does not have a final object.
Proof. The forgetful functor U : BornCoarse → Set is right adjoint to the functor (−) min,max (cf. Lemma 2.8), hence it preserves limits. So if there was a final object in BornCoarse, the underlying set would have to be a singleton * . However assume * is final in BornCoarse, then for any X in BornCoarse there exists a morphism X → * , which in particular is proper, hence X ∈ B X , which is false in general.
In fact the final object is the only non-existing limit in BornCoarse (see Corollary 6.10 or [BE16] ). However there are various non-existing colimits. For a nice example we consider the following pushout:
Example 3.2. The following diagram in BornCoarse does not admit a pushout:
where both maps are the identity on the underlying sets. Moreover, there cannot even exist a bornological coarse space T together with morphisms α, β such that the diagram
commutes. In fact, assume that there is a commutative square as in ( †). Let t := α(0). Then the subset B := {t} is bounded. Furthermore N × N is a controlled set in N max,max , hence U := (α × α)(N × N) ∈ C T . So, by compatibility of the bornological and coarse structure, the U -thickening U [B] of B is bounded in T . But then by properness of β, the pre-image
) is bounded in N min,min , hence finite. However since ( †) commutes, the maps α and β coincide, thus we get
. Thus the pre-image is not finite, a contradiction.
In order to motivate the definition of generalized bornology in the next section, we point out that, if we drop the condition that every point is bounded, the one-point-space consisting of a hypothetical unbounded point is clearly final. Furthermore the pushout in Example 3.2 would exist:
Example 3.3. Endow the natural numbers N with the maximal coarse structure and a "bornology" B N := {∅}, i.e. the only bounded subset is the empty-set. Denote this "space" by N max,∅ . Then we obtain a pushout square
where all the underlying maps are the identity. Indeed let T be a test object and γ, δ be morphisms as in the following diagram:
Set there is a unique map φ, which is controlled, because γ is controlled. Furthermore φ is proper, since the very same calculation as in Example 3.2 shows, that φ cannot hit any bounded point.
Construction of the categories B ornCoarse and ΓB ornCoarse
The example above motivates the construction of generalized bornological coarse spaces, where we just remove the requirement, that every finite subset is bounded. We will see that we get a very similar theory, but that this new category B ornCoarse of generalized bornological coarse spaces has better categorical properties.
Let again X be a set and let B X be a non-empty subset of P(X).
Definition 4.1. The set B X is called a generalized bornology on X, if it closed under taking subsets 1 and finite unions. The elements of B X are called bounded subsets of X. A generalized bornological space is a set X together with a generalized bornology B X .
Let X and Y be two generalized bornological spaces and f : X → Y be a map. Example 4.3.
• Every (classical) bornology on X is a generalized bornology on X. Thus we adapt the definitions of the bornology induced by a metric on X, as well as the notions of the maximal and the minimal bornology (although the latter is no longer the "true" minimal one).
• The trivial bornology B ∅ := {∅} is a generalized bornology on X. We write X ∅ for the generalized bornological space X together with the trivial bornology. For trivial reasons any map into X ∅ is proper.
Definition 4.4.
• The set of bounded points of X is defined as
Its complement X h := X \ X h is called the set of unbounded points of X.
Remark 4.5. We have X b = B∈B X B, hence B X is an (ordinary) bornology on X iff X is locally bounded.
Let C X be a coarse structure on X. Definition 4.6. We say, that B X and C X are compatible, if for all bounded sets B in B X and all entourages U in C X , the U -thickening U [B] is again a bounded subset of X. Definition 4.7. A generalized bornological coarse space is a set X together with a coarse structure C X and a generalized bornology on B X , such that B X and C X are compatible. A morphism f : X → Y between generalized bornological coarse spaces is a map f : X → Y that is proper and controlled. The category of generalized bornological coarse spaces is denoted by B ornCoarse.
Example 4.8. By trivial reasons the trivial bornology is compatible with every coarse structure. Hence C max is not only compatible with the maximal but also with the trivial generalized bornology (cf. Remark 2.7).
By this example we can endow X with the maximal coarse structure C max and the trivial bornology B ∅ to get a generalized bornological coarse space, which we denote by X max,∅ .
Lemma 4.9.
• The construction above extends to a functor
which is part of an adjunction
where U denotes the forgetful functor.
• Like in the classical setting we still have the adjunction
Proof. Follows immediately from the definitions.
Let X be a generalized bornological coarse space and let f : Y → X be a map of sets. We can define the pullback
Lemma 4.10. The structures f * C X and f * B X are compatible and endow Y with the structure of a generalized bornological coarse space. Moreover the map f becomes a morphism Y → X in B ornCoarse.
Proof. Same calculation as in Lemma 2.11.
Let Γ be a group. Like in the setting of classical BornCoarse we can define the notion of Γ-equivariant generalized bornological coarse spaces. Since this affects only the coarse structure of the space we just copy the definitions from BornCoarse: Definition 4.11. A Γ-equivariant generalized bornological coarse space is a generalized bornological coarse space X in B ornCoarse together with an action of Γ on X by automorphisms such that the set C Γ X of Γ-invariant entourages is cofinal in C X (cf. Definition 2.12 and the following remark). It is also refered to as generalized Γ-bornological coarse space. The category of generalized Γ-bornological coarse spaces together with Γ-equivariant morphisms is denoted by ΓB ornCoarse.
Lemma 4.12. Assume that in Lemma 4.10 the space X is in ΓB ornCoarse and that the map f is Γ-equivariant, then the generalized bornological coarse space Y defined by pullback is Γ-equivariant.
Proof. It is enough to verify that each generator
is cofinal in C X . Now the claim follows from the Γ-equivariance of f .
Completeness and co-completeness of ΓB ornCoarse
In this section we show that the categories B ornCoarse and ΓB ornCoarse are complete and co-complete. Since the forgetful functor U : B ornCoarse → Set is left and right adjoint (cf. Lemma 4.9), it preserves limits and colimits. Hence whenever we want to construct a (co-)limit, the underlying set is already determined (by the (co-)limit in Set) and we just have to construct a suitable generalized bornological coarse structure.
Proposition 5.1. The category B ornCoarse has all products.
Proof. Let (X i ) i∈I be a family of generalized bornological coarse spaces. The underlying set of the product will be the product of the underlying sets, so we define
The canonical projections π i : X → X i are morphisms in B ornCoarse by construction. Now the space X represents the product i∈I X i in B ornCoarse: For any test-object T in B ornCoarse with morphisms f i : T → X i there is a unique set-theoretical map f : T → X. The properness of that map can be checked on generators, so let B := B j × i =j X j be an arbitrary generator. Then
Corollary 5.2. The category ΓB ornCoarse has all products.
Proof. The proof of Proposition 5.1 generalizes to the Γ-equivariant case. The only thing left to show is the cofinality condition on the entourages: As C Γ X i are cofinal in C X i , we can restrict our generators for C X to be products of Γ-invariant
. Moreover the diagonal ∆ X clearly is Γ-invariant, hence the claim follows.
Proposition 5.3. The category B ornCoarse has all equalizers of pairs of morphisms.
Proof. Let f, g : X → Y be two morphisms in B ornCoarse. Define E := Eq(f, g) to be the set-theoretical equalizer of the maps f and g. Via the inclusion ι : E → X in Set we can endow E with a generalized bornological coarse structure ι * C X and ι * B X (cf. Lemma 4.10). This object together with the canonical morphism into X fulfills the universal property of the equalizer: Let T be in B ornCoarse and let h : T → X be a morphism in B ornCoarse such that f • h = g • h. Then set-theoretically this map factors uniquely through E:
Now is proper, because any generator A of ι * B X is of the form
, which is bounded because h is proper. Further is controlled since for any U in C T we have V := (h × h)(U ) ∈ C X by the controlledness of h, so by construction
Again this generalizes immediately to ΓB ornCoarse: Corollary 5.4. The category ΓB ornCoarse has all equalizers of pairs of morphisms.
Proof. Follows by construction of the equalizer together with Lemma 4.12.
Proposition 5.5. The category B ornCoarse has all coproducts.
Proof. Let (X i ) i∈I be a family of generalized bornological coarse spaces. We define an object X in B ornCoarse as
To prove that the structures B X and C X are compatible, it is enough to show that for all generators U in C X the U -thickening of a generator of B X is bounded, so assume U ∈ C X j for some j in I and take a generator B of B X . Then
is a generator of B X and in particular it is bounded. We claim that X represents the coproduct i∈I X i in B ornCoarse: The obvious inclusions X i → X are clearly morphisms, and for an object T in B ornCoarse together with morphisms f i : X i → T we get a set-theoretical unique map f : X → T , so it suffices to show that this f is a morphism in B ornCoarse. Since for all i in I the maps f i are controlled, the map f maps generators of C X to entourages, and hence is controlled. Now consider B in B T . For any i in I we have
, which is bounded by properness of f i , hence by definition f −1 (B) is a generator of B X and in particular it is bounded.
Proposition 5.6. The category B ornCoarse has all co-equalizers of pairs of morphisms.
Proof. Let f, g : X → Y be two morphisms in B ornCoarse. Define E := CoEq(f, g) to be the set-theoretical co-equalizer of the underlying maps f and g and denote by π the canonical map Y → E. Define a coarse and a generalized bornological structure on E as
By construction C E and B E are compatible and further the canonical map π : Y → E is controlled and proper. The latter can be seen as follows: For a generator B of B E take U := ∆ E , then the pre-image of U [B] = B is bounded by definition. The object E together with the morphism π represents the co-equalizer of f and g in B ornCoarse:
Consider an object T in B ornCoarse together with a morphism p :
Then set-theoretically this map factors through E:
T By assumption the map p is controlled, hence by commutativity of the diagram we immediately get that h maps generators of C E to controlled sets. Therefore the map h is controlled. To check that it is also proper, consider a bounded subset B of T . We show, that h −1 (B) is a generator of B E . For this let U be in C E . One immediatelly verifies, that
Therefore it remains to show, that the supset is bounded in Y : Since h is controlled,
is an entourage of T , hence the V -thickening of B is a bounded subset of T , so its pre-image under p is bounded in Y which concludes the proof.
Corollary 5.7. The category ΓB ornCoarse has all coproducts and all co-equalizers of pairs of morphisms.
Proof. The proofs of Propositions 5.5 and 5.6 generalize like in the dual cases for products and equalizers.
Theorem 5.8. The categories B ornCoarse and ΓB ornCoarse are both complete and co-complete.
Proof. By [Mac71, Theorem V.2.1] a category having all products and equalizers of pairs of morphisms, is complete. The dual statement shows the co-completeness of a category having all coproducts and co-equalizers. Hence we are done by the above propositions and corollaries (Propositions 5.1, 5.3, 5.5, and 5.6, and Corollarys 5.4, 5.2, and 5.7).
To make this more explicit we give concrete formulas for the limit and the colimit for arbitrary diagrams in ΓB ornCoarse:
Remark 5.9. Let I be a small category and
be diagrams. We give explicit formulas for the (co-)limit of D, D respectively. Let i : ΓB ornCoarse → ΓSet be the forgetful functor and denote by X := lim
We get for all j in I the canonical morphism f j : X → i(D(j)). We can consider the limit lim I D as a subset of the product. It is given by the set X equipped with 
Like in the category ΓBornCoarse, the tensor product is part of a symmetric monoidal structure on ΓB ornCoarse with tensor unit the locally bounded one-point-space (i.e. a single point with maximal bornology, cf. Lemma 2.15), but now we have an additional symmetric monoidal structure:
Lemma 5.10. The category ΓB ornCoarse is symmetric monoidal with respect to the (Cartesian) product. The unit is the space consisting of a single unbounded point (i.e. the final object).
Connections between ΓBornCoarse and ΓB ornCoarse
In this section we study the connection of the classical category ΓBornCoarse and our new constructed ΓB ornCoarse. It is easily seen that we can view ΓBornCoarse as full subcategory of ΓB ornCoarse, but we have no adjunction between these two categories. Nevertheless we have strong connections of limits and colimits in both categories. Further, there is a notion of coarse connectedness and coarse components. It will turn out that these components consist of only either bounded or unbounded points. Finally there will be a criterion for when a diagram in the classical ΓBornCoarse admits a colimit.
Proposition
in ΓBornCoarse. However, since i is fully faithful, the co-unit of the adjunction would give an natural isomorphism L(i(X)) ∼ = −→ X for any X in ΓBornCoarse. Hence applying i to the pushout square above gives the following pushout square in ΓBornCoarse:
That is a contradiction to Example 3.2.
Consider a morphism f : X → Y of generalized bornological coarse spaces. The properness of f provides a very usefull lemma: Lemma 6.2.
(1) For any bounded point y in Y , the fiber f −1 (y) contains only bounded points of X. In particular, if Y is locally bounded, then so is X.
(2) If X contains only unbounded points, then so does the image f (X).
Proof. Both assertions follow immediately from the properness of f . Definition 6.3. We define a relation ∼ c on X by: x ∼ c y iff there exists an entourage U in C X such that (x, y) ∈ U .
Lemma 6.4. The relation ∼ c on X is an equivalence relation.
Proof. By definition we have ∆ X ∈ C X , hence x ∼ c x for all x. For symmetry assume x ∼ c y is witnessed by some U in C X . Then also U −1 ∈ C X , which gives y ∼ c x. Finally if U, V in C X witness x ∼ c y and y ∼ c z respectively, then we have U • V ∈ C X , which shows x ∼ c z. Proof. Assume M ⊆ X is a coarse component containing an unbounded point x and a bounded point y (i.e. {y} is a bounded subset of X). By assumption there exists some entourage U such that (x, y) ∈ U , hence x ∈ U [{y}], which is bounded, a contradiction.
Corollary 6.7. We get a canonical isomorphism X ∼ = X b X h in ΓB ornCoarse, where the subsets X b and X h are equipped with the subspace structure (cf. Lemma 4.10).
Proof. The inclusions X b → X and X h → X are morphisms by construction and they induce the morphism X b X h → X, whose underlying map of sets is the identity. Further i : X → X b X h is controlled by definition of the coarse structure on the coproduct. Finally, since every non-empty bounded subset in X b X h is completely contained in X b , the map i is proper (by definition of the subspace structure on X b ).
In the following ι denotes the fully faithful inclusion functor
Even though ι has neither left nor right adjoint (cf. Proposition 6.1), it preserves all limits and colimits: Proposition 6.8. Let I be a small category and D : I → ΓBornCoarse be a diagram, whose limit exists in ΓBornCoarse. Then the canonical map
is an isomorphism. Similarly if D : I → ΓBornCoarse is a diagram whose colimit exists in ΓBornCoarse, then the canonical map
Proof. Let L := lim I D in ΓBornCoarse. Then ι(L) fulfills the universal property of the limit of the diagram ι • D: In fact for any object T in ΓB ornCoarse together with morphisms f i : T → D(i) each 2 of the morphisms f i imply that T is locally bounded by Lemma 6.2. Therefore we can view the limit of ι•D as an object in ΓBornCoarse (which embedds fully faithful into ΓB ornCoarse), hence we are done. Now let L := colim I D be the colimit in ΓBornCoarse. On the other hand, since ΓB ornCoarse is co-complete, there exists a colimit C := colim I ι • D . By the universal property of C, there exists a unique morphism C → ι(L). But ι(L) is locally bounded, hence by Lemma 6.2 also C is locally bounded, and therefore can be viewed as object in ΓBornCoarse. By the universal propery of L in ΓBornCoarse we get L ∼ = C and we are done.
Lemma 6.9. Let I be a small category and D : I → ΓBornCoarse be a diagram. The limit of this diagram exists iff the limit of ι • D in ΓB ornCoarse is locally bounded. The analogous statement holds for colimits.
Proof. If the limit of D exists in ΓBornCoarse, then it is isomorphic to the limit of ι • D in ΓB ornCoarse (by Proposition 6.8) and hence the latter is locally bounded. On the other hand if there exists a locally bounded limit of ι • D in ΓB ornCoarse, then we can view it as an object in ΓBornCoarse and this object fulfills the universal property of lim I D as ΓBornCoarse is a full subcategory of ΓB ornCoarse.
Corollary 6.10. The category ΓBornCoarse has all non-empty limits.
Proof. Let D : I → ΓBornCoarse be a diagram for a small and non-empty category I. Let L := lim I ι • D be the limit in ΓB ornCoarse and choose some j in I, then the projection L → ι(D(j)) witnesses that L is locally bounded (by Lemma 6.2). Lemma 6.9 yields the claim.
Lemma 6.9 gives also a characterization for which diagrams in ΓBornCoarse have a colimit. This was already conjectured by the authors of [BE16] . We let denote by F the forgetful functor F : ΓBornCoarse → ΓSet.
Corollary 6.11. Let I be a small category and let D : I → ΓBornCoarse be a diagram. Denote by X i the object D(i) in ΓBornCoarse. We write X for the colimit of the diagram F • D in ΓSet. Furthermore, let f i denote the canonical maps F (X i ) → X. The colimit of the diagram D exists in ΓBornCoarse, iff the diagram is colimit admissible, i.e. ∀b ∈ X ∀n ∈ N ∀k, i 1 , . . . , i n ∈ I, ∀(U j ) j∈{i 1 ,...,in} ∈ j C X i j :
Proof. First assume that the colimit exists in ΓBornCoarse. Since its underlying set needs to be X (Lemma 4.9), we refer to the colimit in ΓBornCoarse also by X. Also the maps f i become morphisms X i → X. We want to verify (*): For any b in X, the subset {b} is bounded by definitions. Furthermore -since the maps f i j are controlled and the subsets U i j are entourages -the subsets (f i j × f i j )(U i j ) are entourages on X. Therefore the successively thickened subset in (*) is still bounded in X. So its pre-image under f k is bounded in X k , which shows one direction of the claim.
On the other hand assume D is colimit admissible, i.e. assume that (*) holds. First consider the diagram F • D. Since ΓB ornCoarse is co-complete, it has a colimit, which we denote by L. By Lemma 6.9 we are done, if we verify, that L is locally bounded. For this we choose an arbitrary point b in L 3 . We want to show, that {b} ∈ B L . Recalling the definition of B L in Remark 5.9, we have to verify, that for all k in I and for all U in C L , the pre-image f
The coarse structure C L is generated by subsets (f i × f i )(U ) for i in I and U in C X i . Therefore the condition (*) precisely ensures that for an arbitrary entourage U in C L we have f
3 Note that the underlying set of L needs to be X since the forgetful functor preserves colimits.
Coarse homology theory
The authors in [BE16] elaborate the notion (and generalize it to the equivariant situation in [BEKW] ) of motivic coarse spectra on which large parts of their following work bases on. We imitate these definitions to construct the notion of motivic coarse spectra over generalized bornological coarse spaces. The aim of this section is to show, that motivic coarse spectra over ΓBornCoarse are equivalent to those over ΓB ornCoarse.
We just give the necessary sequence of definitions needed for defining motivic coarse spaces and spectra. We will not go into details or give instructive examples. Both can be richly found in [BE16] . In particular all stated assertions without a proof can be found proven in that paper.
Basic notions
In this subsection we briefly give some notions for generalized bornological coarse spaces needed for the following.
Let X be an object in ΓB ornCoarse.
Definition 7.1. A Γ-equivariant big family Y on X is a filtered family of Γ-invariant subsets (Y i ) i∈I of X such that for every i in I and every entourage U in C X there exists an
A Γ-equivariant complementary pair on X is a pair (Z, Y) consisting of a Γ-invariant subset Z of X and a Γ-equivariant big family Y on X such that there exists an i in I with
Consider two morphisms f, g : X → Y between Γ-equivariant generalized bornological coarse spaces. Then f and g are said to be close to each other, if (f × g)(∆ X ) ∈ C Y .
Remark 7.2. The morphisms f and g are close to each other iff h : {0, 1} max,max ⊗ X → Y defined by h(0, x) = f (x) and h(1, x) = g(x) for all x in X, is a morphism. (1) The morphisms f and id X are close to each other.
Lemma 7.5. For any space X in ΓB ornCoarse the subspace X h of unbounded points is flasque.
Proof. The identity id Xu witnesses the flasqueness: The conditions (1)+(2) are obviously fulfilled and since the only bounded subset is the empty set, we conclude the proof.
Let U in C Γ X be a Γ-invariant entourage. If we replace C X by the coarse structure generated by U , then this coarse structure is clearly compatible with B X and defines a new Γ-equivariant generalized bornological coarse space, which we denote by X U .
Remark 7.6. The natural morphisms X U → X induce an isomorphism
Consider a co-complete stable ∞-category C and a functor F : ΓB ornCoarse → C. For a Γ-equivariant big family Y on X we define F (Y) := colim i∈I F (U i ).
Definition 7.7. The functor F : ΓB ornCoarse → C is called a C-valued coarse homology theory, if:
(1) (Excision) For all Γ-equivariant complementary pairs (Z, Y) on a space X in ΓB ornCoarse, the following square is co-Cartesian:
(2) (Coarse invariance) If X → X is a coarse equivalence in ΓB ornCoarse, then the induced morphism F (X) → F (X ) is an equivalence in C. (3) (vanishing on flasques) If X is a flasque generalized bornological coarse space, then the canonical map 0 → F (X) is an equivalence in C. (4) (U -continuity) For every X in ΓB ornCoarse the collection of morphisms X U → X induces an equivalence
Generalized motivic coarse spaces
In this subsection we elaborate on motivic coarse spaces. Essentially we just copy all definitions from [BE16] and [BEKW] . If one reads this entire subsection without tildes, one gets the definitions of motivic coarse spaces on ΓBornCoarse.
We write sSet for the category of simplicial sets and we denote by W the class of weak homotopy equivalences. We obtain the ∞-category of spaces Spc := sSet[W −1 ]. Further, for any ∞-category C we denote by PSh(C) := Fun(C op , Spc) the ∞-category of space-valued presheaves on C and by yo : C → PSh(C) the Yoneda-embedding.
Lemma 7.8. There is a subcanonical Grothendieck topology τ χ on ΓB ornCoarse such that the τ χ -sheaves are exactly those presheaves E on ΓB ornCoarse which satisfy E(∅) * and such that for any Γ-equivariant complementary pair (Z, Y) the following square is cartesian in Spc (in which case we say, that E fulfills descent w.r.t. (Z, Y) ).
Proof. Let (Z, Y) be a Γ-equivariant complementary pair.
Proof : We define the following four collections of morphisms:
We obtain a pushout-diagram
and thus we have
Now we claim, that for any presheaf E on ΓB ornCoarse the following square is a pullback: lim
To show this, let A in Spc and denote by A the constant-A-functor. Then we calculate
We therefore obtain the following pullback-square:
By universal property of the pullback, the inclusions Z → X and Y i → X induce a morphism E(X) → lim S (Z,Y) E(W ), which clearly is an equivalence if and only if the presheaf E fulfills decent for (Z, Y).
Claim 1
For a presheaf satisfying descent for (Z, Y) we let τ E be the finest Grothendieck topology on ΓB ornCoarse such that E is a τ E -sheaf. Further we define
It is the finest Grothendieck topology such that all presheaves satisfying descent w.r.t. all complementary pairs, are τ -sheaves.
Next, we let τ S denote the Grothendieck topology generated by all sieves S (Z,Y) for all complementary pairs (Z, Y). By Claim 1, we have τ S ⊆ τ and therefore Sh τ ⊆ Sh τ S . Again, by Claim 1, we have
Finally, by definition we have M ⊆ Sh τ . All together we obtain
Thus, we can choose τ χ as τ and the upper chain of inclusions shows that τ -sheaves are precisely those presheaves lying in M, i.e. fulfilling descent for any complementary pair.
To see that τ χ is subcanonical, we refer to [BE16, Lemma 3.12].
Let Sh(ΓB ornCoarse) denote the full subcategory of τ χ -sheaves in PSh(ΓB ornCoarse). Then we obtain the usual sheafification adjunctioñ L : PSh(ΓB ornCoarse) −→ ←− Sh(ΓB ornCoarse) : incl. Consider a sheaf E in Sh(ΓB ornCoarse) and let I := {0, 1} max,max .
Definition 7.9. The sheaf E is called coarsely invariant if for all generalized bornological coarse spaces X in ΓB ornCoarse, the projection I ⊗ X → X induces an equivalence
Lemma 7.10. The collection of all coarsely invariant sheaves form a full localizing subcategory Sh I (ΓB ornCoarse) of Sh(ΓB ornCoarse). We obtain an adjunctioñ
Proof. The subcategory of coarsely invariant sheaves is the full subcategory of objects which are local with respect to the collection of morphisms yo(I ⊗ X) → yo(X). Note that these morphisms are morphisms of sheaves by Lemma 7.8. Now the claim follows from [Lur09, Prop 5.5.4.15].
Remark 7.11. To show that a sheaf is coarsely invariant, it suffices to show that morphisms, which are close to each other are mapped to equivalent morphisms.
Definition 7.12. A sheaf E in Sh I (ΓB ornCoarse) vanishes on flasques if E(X) * for any flasque generalized Γ-bornological coarse space X.
Lemma 7.13. The collection of all coarsely invariant sheaves that vanish on flasques form a full localizing subcategory Sh I,fl (ΓB ornCoarse) of Sh I (ΓB ornCoarse). We get a corresponding adjunctioñ Proof. A sheaf in Sh(ΓB ornCoarse) vanishes on a flasque generalized Γ-bornological coarse space X iff it is local w.r.t. yo(∅) → yo(X) (see [BE16, Rem. 3 .24]). Therefore: The category of coarsely invariant sheaves which vanish on flasques is the full subcategory of those sheaves in Sh I (ΓB ornCoarse) which are local with respect to the collection of morphisms yo(∅) → yo(X).
Definition 7.14. We say that a sheaf E in Sh I,fl (ΓB ornCoarse) is u-continuous if for every generalized bornological coarse space X in ΓB ornCoarse the collection of natural morphisms {X U → X} U ∈C Γ X induces an equivalence
in Spc. The full subcategory of all u-continuous sheaves in Sh I,fl (ΓB ornCoarse) is called the category of generalized motivic coarse spaces and is denoted by ΓS pcX .
Lemma 7.15. The full subcategory ΓS pcX of Sh I,fl (ΓB ornCoarse) is localizing and fits into an adjunctionŨ
Proof. Similarly as in the proofs above, we argue that ΓS pcX is the full subcategory of objects in Sh I,fl (ΓB ornCoarse) which are local w.r.t. the collection of morphisms
Definition 7.16. We define the composition of the functors above as
We collect and summarize this subsection in the following corollary.
Corollary 7.17.
(1) The ∞-category of motivic coarse spaces is presentable and fits into a localizatioñ
(2) If (Z, Y) is a complementary pair on a space X in ΓB ornCoarse, then the square
is co-Cartesian in ΓS pcX . (3) If X → X is an equivalence of Γ-equivariant generalized bornological coarse spaces, then the morphism Yõ(X) → Yõ(X ) is an equivalence in ΓS pcX . (4) If X is flasque in ΓB ornCoarse, then Yõ(X) is final in ΓS pcX . (5) For every X in ΓB ornCoarse the canonical morphism defines an equivalence
Corollary 7.18. For every co-complete ∞-category C precomposition with Yõ induces an equivalence between the category of colimit-preserving functors Fun colim (ΓS pcX , C) and the full subcategory of Fun(ΓB ornCoarse, C) of functors which satisfy excision, preserve coarse equivalences, annihilate flasque spaces and are u-continuous.
Finally there is an excision statement for coarsely excisive pairs. For that we first need a notion of "nice" subsets of X:
Let Y and Z be Γ-invariant subsets of X. (2) For all entourages U in C X there exists an entourage V in C X such that 
Generalized motivic coarse spectra
As a final step in the construction we now stabilize generalized coarse motivic spaces and obtain generalized coarse motivic spectra. Like in the previous subsection, we just copy the definitions from [BE16] , and reading the subsection without tildes gives the definitions of (ordinary) motivic coarse spectra.
Definition 7.25. We denote by ΓS pcX * := ΓS pcX / * the pointed version of generalized motivic coarse spaces. Further we define the suspension functor
The category of generalized motivic coarse spectra is defined by inverting Σ:
where the colimit is taken in the category of presentable ∞-categories together with left adjoint functors.
By construction ΓS pX is a presentable stable ∞-category. Precomposing the canonical functor ΓS pcX * → ΓS pX with the functor, which adds a disjoint base point gives a functor Σ provides an equivalence
Every Γ-equivariant generalized bornological coarse space X represents a generalized coarse motivic spectrum via the composition of functors
For a stable ∞-category C any morphism f : E → F in C extends functorially to a cofiber sequence
We denote Fib(f ) := Σ −1 Cofib(f ). For a big family Y = (Y i ) i∈I on a Γ-equivariant generalized bornological coarse space X we define the generalized motivic coarse spectrum (1) We have a cofibre sequence
(2) For a complementary pair (Z, Y) on X, the natural morphism
is an equivalence.
is a coarsely excisive pair on X, then the square
is co-cartesian in ΓS pX .
Corollary 7.28. Since (X b , X h ) is coarsely excisive by Corollary 7.22 and X h is flasque by Lemma 7.5, we have Yõ
Equivalence of ΓS pX and ΓSpX
In this subsection we show that the inclusion ι : ΓBornCoarse → ΓB ornCoarse induces an equivalence of categories ΓS pX → ΓSpX .
Let Sp denote the stable ∞-category of spectra (i.e. spectrum objects in Spc * ). For any category C we denote by PSh Sp (C) := Fun(C op , Sp) the ∞-category of spectrum-valued presheaves on C. This category is equivalent to the subcategory of spectrum objects in PSh(C) by [Lur17, Rmk 1.4.2.9].
Definition 7.29. We denote by Sh τ Sp (ΓB ornCoarse) the full subcategory of those presheaves E in PSh Sp (ΓB ornCoarse) for which the following natural morphisms are equivalences:
(
E(X) −→ 0 for all X in ΓB ornCoarse with X b ∅. Likewise we denote by Sh τ Sp (ΓBornCoarse) the full subcategory of those presheaves E in PSh Sp (ΓBornCoarse) for which all morphisms in (1) and (2) are equivalences. We denote by L andL the respective localization functors
Theorem 7.30. The inclusion ι : ΓBornCoarse → ΓB ornCoarse induces an equivalence of ∞-categories Claim 1: ι * detects equivalences.
In fact, let E → F be a morphism in Sh τ Sp (ΓB ornCoarse) such that ι * E → ι * F is an equivalence. Then for all X in ΓB ornCoarse, Corollary 6.7 provides an isomorphism X ∼ = X b X h . By the τ -sheaf conditions, claim 1 follows as:
. We show this claim later.
Claim 3: ι * F id. In fact, since ι is fully faithful, the left Kan extension ι ! is also fully faithful, hence ι * ι ! id. Using this and claim 2 we obtain: It therefore remains to verify claim 2. The strategy will be to define two concrete models for the localization functors L andL and verify claim 2 by an explicit calculation. We start with constructing a model forL: To shorten notation, let C := ΓBornCoarse and D := ΓB ornCoarse. We define a category E with objects (X, S ), where X is in D and S is a decomposition of X into finitely many coarse components, which is fine enough that each component is contained in X b or in X h (cf. Lemma 6.6). A morphism (X, S ) → (X , S ) is a morphism f in Mor D (X, X ) such that f * S ⊆ S . Moreover, we define another category E with objects (X, S , S), where (X, S ) is an object in E and S is in S with S ⊆ X b . We have forgetful functors
These forgetful functors induce restrictions
We denote by α * the right Kan extension of α * and by β ! the left Kan extension of β * . Finally we define a functor F :
For (X, S , S) in E the inclusion S → X gives a natural transformation α * β * → F , which corresponds via the adjunction α * α * to a natural transformation β * → α * F . Applying β ! to this natural transformation and using β ! β * id 4 , we obtain a natural transformation id → β ! α * F =:L . We claim, thatL models the localizationL. To show this, we must check thatL has values in Sh τ Sp (D) and that it is idempotent or 4 β ! β * (E)(X) = colim β(X,S )→X β * (E)((X, S )) = colim E(X) E(X), because (X, S ) is cofinal in the collection β(Y, S ) → X -equivalently -that E →L E is an equivalence for all τ -sheaves E. F (E)(Z, S , S)
=E(S)
.
We can choose S fine enough such that each S belongs either to X or to Y . Furthermore, S was finite, hence the limit turns into a product. Hence we arrive at 
L (E)(X) ×L (E)(Y ).
For the second equivalence we used that the colimit is filtered, hence commutes with finite products.
The second sheaf condition is immediate: By definition we require for any S in S to be a subset of X b . Therefore, if X b = ∅, we take the colimit over the empty limit and thus obtain 0. So we see, thatL (E) is indeed a sheaf in Sh 
E(X) E(X),
where the third equivalence is the sheaf condition on E. This shows, thatL is a model forL.
As a second step we define L := ι * L ι ! : PSh Sp (C) → Sh τ Sp (C). We claim that L models the localization L and further we claim, that localization commutes with restriction ι * , more precisely: L ι * ι * L , which would complete the proof of claim 2.
The second assertion follows from explicit calculation: Let E be in PSh Sp (D) and let X in C, then 
E(S)
L (E)(X) = ι * L (E)(X).
For the equivalence in the third line we used that any S in S is contained in X b , hence is cofinal in the collection ι(Y ) → S. It remains to show, that L models the localization L, i.e. we have to check that it is idempotent. We already know that ι * ι ! id and thatL is idempotent, hence
To arrive at the main theorem of this section, we localize both sheaf categories in the theorem above at the collection of morphisms below and then compare the universal properties.
Let C be one of the categories ΓBornCoarse or ΓB ornCoarse.
Definition 7.31. Let Sh τ,mot Sp (C) denote the full subcategory of those sheaves E in Sh τ Sp (C) such that the following induced morphisms are equivalences:
(1) E(X) → 0 for all flasque spaces X in C.
(2) E(X, Y) → E(Z, Z ∩ Y) for all spaces X in C and all Γ-equivariant complementary pairs (Z, Y) on X. (3) E(X) → E(I ⊗ X) for all X in C (where I = {0, 1} max,max ) (4) E(X) → lim U ∈C X E(X U ) for all spaces X in C. ΓS pX . In particular we obtain an equivalence of categories ΓS pX → ΓSpX .
Proof. For a category C and a collection C 0 of objects in C we denote by C 0 the full subcategory spanned by C 0 . Further we let G denote one of the categories ΓBornCoarse or ΓB ornCoarse and accordingly letĜ denote ΓSpX or ΓS pX . For any stable presentable ∞-category D we have the following chain of equivalences: First we notice that compatibility with the equivalences in Definition 7.29 is already implied by the compatibility with those equivalences in Definition 7.31 (using Lemma 7.5 and Corollary 7.24). Now the equivalence follows from [Lur09, Thm 5.1.5.6].
Let C be a co-complete stable ∞-category. For the purpose of the following corollary we denote by X −HomolTheo(C) the full subcategory of Fun(ΓBornCoarse, C) spanned by coarse homology theories (cf. [BEKW, Def. 3 .10]). Likewise we denote by X −HomolTheo the full subcategory of Fun(ΓB ornCoarse, C) spanned by (generalized) coarse homology theories (cf. Definition 7.7).
Corollary 7.33. The inclusion functor ΓBornCoarse → ΓB ornCoarse induces an equivalence of categories X −HomolTheo −→ X −HomolTheo(C).
